In this paper we investigate the question of the global controllability posed for a class of control hybrid systems. New sufficient conditions for the global controllability are obtained in terms of the so-called hybrid fountains. The main tool for our analysis is the notion of a controlled hybrifold.
Introduction
In this paper we consider systems which have a hybrid nature, in the sense that the dynamics of the system combines continuous and discrete components. We model control hybrid systems as a tuple consisting of a state space, a set of admissible controls, a family of controlled autonomous vector fields assigned to each discrete state, and collections of guards and reset maps.
The main question investigated in the paper is the controllability of control hybrid systems. This issue has been addressed in [l, 5, 10, 111 . In particular, in [ll] , a sufficient condition for controllability of hybrid systems is formulated in terms of so-called arrival sets. In [I] , the authors derive a necessary and sufficient algebraic condition for a certain subclass of piecewise affine hybrid systems. In [lo] , the notion of controllability for hybrid systems is formalized by continuity of system functions.
In this paper new sufficient conditions for the global controllability are obtained in terms of the so called hybrid fountains. The main tool for our analysis is the notion of a hybrifold, which was originally introduced in [12] .
The paper is organized as follows. In Section 2, we formally define the class of control hybrid systems H 'The work is supported by DARPA under F33615-98-C-3614 and NSERC grant number OGP 0001329.
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Quebec, H3A 2A7, Canada peterc@cim.mcgill.ca under our consideration and specify the standard assumptions on the continuous and discrete parts of the dynamics of H . In Section 3, we generalize to control hybrid systems the notions of a hybrid execution and a hybrid flow originally introduced in [8, 9 , 131 for regular hybrid systems. Next we briefly overview .the procedure for constructing the so-called hybrifold [12] and define a controlled flow on it. Section 4 relates the global controllability of H to the global controllability of the associated controlled hybrifold. In Section 5, we introduce the notion of a hybrid fountain and provide new sufficient conditions for the global controllability of control hybrid systems. Finally in Section 6, we illustrate the theory developed in the paper on a water tank system example.
Regular Control Hybrid Systems: Standing Assumptions
We consider control hybrid systems which in this paper are taken to be of the following form. 
Next we list the assumptions on the continuous part of the dynamics of H .
In this section we briefly overview and generalize to control hybrid systems some of the notions introduced in [8, 9, 13] 
A3.
For each e = ( i , j ) E E , the guard G, is a closed piecewise smooth (n -1)-dimensional sub-manifold of i x dDi with a piecewise smooth (or possibly empty) boundary. G , has a finite number of connected components.
A4. For each e = ( i , j ) e E , the reset Re is a homeomorphic map from G , onto Re(G,) which is a subset of j x aDj.
A5. For any e, e' e E , G , n Re! (Get) = 0, Ge n Gel # 0 =+ (e = e'), and [Re(Ge)]" n [Ret(Ge~)]" # 8 * (e = e'). Thus only images of resets are allowed to have intersections and that can happen only at their boundary points.
Furthermore, any p e dGe Ud{Re(Ge)}, for some e e E , satisfy some technical conditions specified in [12] .
A6. For a n y p e G,, e = ( i , j) e E , there exists a control For the results formulated in this paper we shall need
Definition 2 A control hybrid system satisfying assumptions Al-A6 and Bl-B2 is called a regular control 0 hybrid system.
Control Hybrifold
Let H be a regular control hybrid system. We shall use the standard notion of a forward hybrid time trajectory
We shall use he symbol N ( T ) to denote the size of the time trajectory and the symbol ( T ) to denote the set {1,2,--.,N(T)l.
As follows from the assumption B2, for'any control U e U defined on some [Tl,T2), T2 < CO, there exists a finite hybrid time trajectory T E 9 such that U is Cq on each Ii e T , i E ( T ) , and TI = TI, T N (~) +~ = T2. We shall say that such T is the hybrid time trajectorg of U and denote it as ~( u ) .
Definition 3 (Forward Control Execution)
For any U e U , defined on [Tl,Tz), T2 < CO, and p e D , we define a (forward) control execution start-
where T E 9 is a refinement of T ( u ) ; q : ( T ) + Q is a map; and
) is a collection of continuously differentiable maps such that 41 ( T I ) = p , and d j M = X q ( j ) ( M ) , U j ) .
Furthermore, for all j e ( T ) , j # N , we must have (q(A7 q(j + 1)) e E , aj A { lim and R(q(j),q(j+l)) ( a j ) = +j+1 ( T j + l ) .
+ j ( t ) } E G(q(j),q(j+l)) , t*Tj+l

0
Lemma 1 Let H be a regular control hybrid system. 
Global Controllability of Hybrid Systems
Let H be a n arbitrary regular control hybrid system and M H its controlled hybrifold. In this section we relate the global controllability of the total domain D of H with the global controllability of M H . 
This is because any orbit in D is projected by x onto an orbit in M H .
In the particular case V = M H , we have the following result.
(ii) The relation -is a bisimulation on D x D , in the sense that if a state p can be driven to some y , then any p', p' -p , can be driven to some y' such that y' -y . 
(iii) V p E D x ( A~( p ) ) = A(n(p)).
Proof:
=+ Let D be globally controllable. Then, using Remark 3, we obtain for any x E M H ,
M H = r ( D ) = ~( A D @ ) ) C A"'D'(x(p)) = A ( x ) C MH
where p is an arbitrary point in the set x-'(x) c D.
Hence A(x) = M H , for any x E M H , and M H is globally controllable.
+= Conversely, let MH be globally controllabre. Take any p,p' E D. Each of them could lie in any of the sets
{ G e , R e t ( G e ! ) , B ; e,e' E E } .
Consider, for instance, the case when p E G , and p' E R,t(G,,), for some e = ( i , j ) , e ' = ( i ' , j ' ) E E . Then define y = R,(p) and y' E Gel such that Ref(y') = p'. The above result allows us to use the hybrifold and the continuous controlled hybrid flow defined on it in order to study the global controllability of the original control hybrid system. The advantage of this approach is in the fact that the controllability results formulated for differential control systems acting on subsets or submanifolds of Rn can be transformed to control hybrid
systems. This shall be demonstrated in the next sect ion.
Hybrid Fountains
In this section we introduce the notion of a hybrid fountain which we shall use as the main hypothesis in our controllability result. If the function p a sup{p; such that (2) holds} is continuous at x , we shall say that x is a continuous hybrid fountain. If p is unbounded at x we consider it to be 0 continuous at x .
We note that the continuous fountain property does not depend on the particular way that MH is embedded in
P.
The reader is referred to [2, 3, 61 for applications of the fountain condition to the study of ordinary differential systems acting on subsets of Rn. See also [7] , where a set of algebraic conditions for verification of the fountain property is presented, and [4], where applications to hierarchical hybrid control theory are outlined.
Henceforth we shall use the term controlled closed orbit in the sense of controlled loop. R e m a r k 4 In conclusion we note that it is entirely feasible to generalized the presented results to hybrid systems with autonomous and controlled switchings.
Water Tank System
To illustrate the controllability result obtained in the previous section, we consider a system consisting of two water tanks. The water can be added t o the system at some rate w > 0 (where we treat the parameter w as control) via tank 1 or tank 2. In addition to that, the water is removed from tank i, i = 1,2, at some constant rate vi > 0. We model the system as a control hybrid system and distinguish two control locations :
{ j r , = w -VI, jrz = -v2, (z1,xz) E D1, The control objective for the system could be formulated in terms of reachability of a final state or a region from an initial state (by means of choosing an appropriate control w) while keeping the levels of water in the tanks above the levels XI = ZI, 2 2 = 12 (by means of the defined above guards and resets).
To construct the associated with this system hybrifold we identify (via the identity reset maps) the x and y coordinate axes of D 1 with the x and y axes of 
